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We give a short proof of the fact, known to Jordan (J. Math. (5) 1 (1895), 
35-60), that any permutation group of degree 12 other than the symmetric and 
alternating groups is at most c(log n)‘/(log log n)-fold transitive. ((” 1987 Academic 
Press, Inc. 
1. INTRODUCTION 
A permutation group G < S, is t-transitive if G acts transitively on the set 
of ordered t-tuples. The maximum such t is the degree of transitivity of G. It 
was one of the central problems of nineteenth century group theory to limit 
the degree of transitivity of permutation groups other than S, or A,. Much 
of Jordan’s work in group theory was motivated by this problem. He 
arrived at a definitive result in 1895, in his last paper devoted to the subject 
[J2], where he proved the bound t < c(log n)2/(log log n). 
Improving some points of Jordan’s fairly involved argument, Weiss 
obtained slight improvements (not affecting the main term) in 1930 [We]. 
Shortly thereafter came Wielandt’s ingenious dissertation (1934) with the 
bound t < (2 + E) log n [Wl]. 
It is now known that there are no 6-tuply transitive permutation groups 
other than S, or A,. The proof of this, however, rests on detailed 
knowledge of the classification of finite simple groups and requires substan- 
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tial extra work beyond that [CKS]. The best result known without 
resorting to such mighty instruments is Wielandt’s 1934 bound. In view of 
the significance of this result, it would be important to find a simple proof, 
presentable in a textbook or an introductory course on permutation 
groups. 
The result presented in this note gives a t d c(log n)2/(log log n) bound 
and the constant we obtain is weaker than Jordan%. For these deficiencies, 
we compensate with the striking simplicity of the proof. The search for 
transparent proofs of comparatively weak results is motivated, in part, by 
one’s desire to see things proven from first principles, but also, more 
pragmatically, with possible combinatorial extensions and algorithmic 
applications in mind (cf. [Bal, BLSl, BLS2]). We should mention in par- 
ticular, that the method presented here has algorithmic implications. In 
combination with results of E. M. Luks [Ll, L2], it provides efficient 
parallel algorithms for testing membership in permutation groups [BLSl], 
as well as sequential algorithms with improved worst-case analysis 
[BLS2]. (Paradoxically, the elementary procedure described in this note 
gives rise to an algorithm of which the analysis depends heavily and in 
several ways on the classification of finite simple groups.) Beside our 
general interest in elementary proofs in asymptotic group theory, these 
algorithmic applications have been a key motivation for this work. 
2. A COMMUTATOR LEMMA 
The support of a permutation rr, denoted by supp(n), is the set of 
elements displaced by 71. The degree of z is Isupp(rr)l. Let S, act on the 
n-element set A. Let us call a subset B of supp(rc) independent with respect 
to n if BnB”=@. 
LEMMA 1. Let n, z E S, and 1= ~tzx ~ ‘T - ‘. Assume that B is an indepen- 
dent set w.r.t. 7~ and ~1~~ is the identity. Then 11,=~~‘/,. 
Proof: Clear. 1 
COROLLARY 2. Let G be t-transitive. Assume G has an element of degree 
s and d < min{s/3, t/2}. Then, for any (d, ,..., d,) such that d, + . . ’ d, = d, 
there exists AE G such that h includes cycles of lengths d,,..., d,, and 
I supp(l)l d 2s. 
Proof: Let RE G have degree s. As s > 3d, obviously, there exists a 
n-independent set B of size d. Since t 3 2d, G has an element z that fixes B” 
pointwise and acts on B as a permutation with cycle structure (d, ,..., d,). 
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Now, the commutator A = rrrn- ‘t ~ ’ will have the prescribed cycle struc- 
ture on B by Lemma 1. Moreover, (supp( = ~supp(r~~‘rr’)( =s, 
therefore (supp(A)J 6 2s. 1 
3. LARGE POWERS 
Let pi denote the ith prime number, p(r)=p, “‘p, and f(n)= 
min{rlp(r) > n’}. Let g(n) be the sum of the first f(n) primes. Rather than 
using the Prime Number Theorem to asymptotically evaluate these 
functions, we shall only refer to the following result, a very simple proof of 
which was found by Pal Erdos and Laszlo Kalmar ([El, cf. [HW, Chap. 
XXII, pp. 341-3421): For q =pr, 2y’2 <p(r) < 4y. From this, it follows 
(setting q = pfcll,) that 
logn<q<4logn. 
(We use log to denote base 2 logarithms.) Consequently, setting Y =f(n), 
s(n)= i pi= i (pJogpi)logpi 
I=1 i= I 
< q/log 4 C log Pi’ (q/log 9) loi3 P(r) < 2q2110g q 
,=I 
< 32(log n)2/log log n. 
In order to prove that the group G contains A,, we aim at finding elements 
of small degree in G. 
LEMMA 3. Let z E S,, k = Isupp(x)l. Suppose z contains cycles of each 
prime length pi, i < r =f (n). Then lsupp(n”)) <k/2 for some power d” # 1. 
Proof: Let K = supp(rc). For each XE K, let us consider the set P(x) of 
those primes pi dividing the length of the x-cycle through x. Clearly, the 
product of these primes is 6 k. Let n(i) denote the number of points x such 
that pin P(x). Let us estimate the weighted average W of the n(i) with 
weights log pi. Recall that the sum of the weights is C log pi > log(n2) = 
2 log n, therefore 
WC 1 C logpA logn) 
xt K p,~ P(x) 
< (k log k)/(2 log n) d k/2. 
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We thus infer that n(i) <k/2 for some i < r. Now let m be the maximal 
divisor of the order of a relatively prime to pi. Clearly, rrm is not the iden- 
tity and it fixes all but n(i) points. 1 
4. THE MINIMAL DEGREE 
The minimal degree of G is the minimum degree of its nonidentity 
elements. 
CLAIM 4. If s is the minimal degree of G and t 2 2g(n) then s < 3g(n). 
ProofI Assume the contrary. Let rt E G have degree s. Let us apply 
Corollary 2 with r =f(n), di =pi and thus d = g(n). We infer that some 
A E G has degree 62s and includes cycles of each prime length pi, i < r. By 
Lemma 3, some power A” # 1 has degree <2s/2 = s, contradicting the 
minimality of s. 1 
FACT 5. If the supports of n and z share precisely one element, then 
their commutator is a 3-cycle. 1 
CLAIM 6. If t > 3g(n) - 1, then the minimal degree of G is < 3. 
Proof. Let rc E G have minimal degree s and let x E supp(rc). By Claim 4 
we know that G is s-transitive. Therefore it has an element r fixing all 
elements of supp(rc) except x which it displaces. Now the Claim follows by 
Fact 5. 1 
FACT 7. If a 3-transitive group contains a 3-cycle then it contains 
all 3-cycles. If a 2-transitive group contains a 2-cycle then it contains all 
2-cycles. 
Prooj By conjugation. 1 
FACT 8. The 3-cycles generate A,. The 2-cycles generate S,. 1 
Combining Claim 6 with Facts 7 and 8, we obtain 
THEOREM. rf G d S, is t-transitive with t = 3g(n) - 1 then G 2 A,,. 1 
Our elementary estimate of g(n) is given in Section 3 as 
g(n) < 32(log n)2/log log n. 
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Using the full force of the Prime Number Theorem one can improve the 
constant 32 (asymptotically) to 4 In 2, giving the value 
t 7z 12 In 2(ln n)*/ln In n. (*) 
A further improvement of the constant would follow from A. Bochert’s 
nineteenth century result [Bo] stating that every 4-transitive permutation 
group other than A, or S, has minimal degree an/2 - 1. By Claim 4, this 
result implies (for sufficiently large n) that t>2g(n) suffices for the 
Theorem to hold. This reduces the constant in (*) to 8 In 2 z 5.55. (Jor- 
dan’s constant is l/(2 ln*2) z 1.04.) Bochert’s proof being a combinatorial 
gem, such combination will not diminish the elementary nature of the 
present proof. 
REMARKS 
(1) Wielandt’s quoted bound is not the main result of his dissertation 
[Wl], rather a corollary to the result that no alternating group of degree 
k 2 3 log n is involved (as a factor group of a subgroup) in any per- 
mutation group with minimal degree >n/2. This result being the key 
ingredient in the elementary proof of the upper bound exp(exp(c a)) 
for the orders of doubly transitive groups other than A, or S, [Ba2], it 
would be desirable to have a simpler proof of some version of Wielandt’s 
result (e.g., with a weaker, (log n)’ or even exp(c &), bound). 
(2) For the algorithmic applications, one has to replace ,* by n4 in 
the definition off(n) (Sect. 3). This change reduces the bound k/2 to k/4 in 
Lemma 3. Consequently, the proof of Claim 4 yields a procedure to obtain, 
from an element of degree s, one with degree <s/2, thus reaching a 3-cycle 
in a logarithmic number of turns. 
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